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Knowledge of the coefficient of reflection of & sound wave from the open
end of a circular tube is essential for the study of oscillating combus-
tion [1-3]. In the strict sense the problem of the diffraction of sound
waves &t the open end of a circular tube with rigid walls without a
flange has been solved in {4-7]. There, it was assumed that the medium
outside and inside the tube is homogeneous and at rest. In problems re-
lated to combustion the gas is moving. The medium outside the tube should
not be considered homogeneous since combustion products that escape from
the tube may considerably differ in their properties from the gas sur-
rounding the tube. One may select & case where the flow velocity is small
and has no influence upon the radiation of socund from the tube, whereas
the difference of the thermodynamic parameters of the gas in the stream
and the surrounding space does significantly influence the magnitude of
the reflection coefficient., An attempt to calculate the effect of non-
homogeneity of the medium was undertaken in [s]. However, because of the
error that was contained there in the writing of the boundary conditions
it is required that this problem be studied again. This paper presents a
derivatior of the formula for the coefficient of reflection of a plane
sound wave from the open end of a circular semi-infinite tube with abso-
lutely rigid walls considering a contact discontinuity at the boundary
between the stream and the surrounding medium.

The circular tube of radius ¢ (Fig. 1) with absolutely rigid, in-
finitely thin walls is semi-infinite and has no flange. Its axis coin-
cides with the :z-axis of a cylindrical coordinate system r, z and extends
along z < 0. Axial symmetry is assumed.

We study steady vibrations, and the time dependence of the parameters
of the acoustic field is described by a function of the form exp( — iwt).
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Assuming the gas outside and inside the tube to be at rest we can
write the equations of the acoustic field in the form

. ®? 1 8 a o2
o+ k=0 (=12 "5’=BJT;“=T‘(F("5?)+W> W

Here ¢. is the speed of sound. The indices 1 and 2 refer to the para-
meters of the medium in the regions r < g and r > a, respectively. The
velocity potential ¥; is related to the acoustic pressure and velocity by
the relations

p5=icopojipj, v; = vY; (Pp; is the demsity of the medium) (2)

The potential Y should satisfy the following boundary conditions

LR
r 3,.} =0 at r=aqa, 20 3)
———— o _ O
z or = or at r=g¢, 220 %
popr =pouapz a8t r=ga, 2>0 5
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A plane sound wave of amplitude 4 impinges
Fig. 1. from the left on the mouth of the tube. A di-
verging wave is created outside the tube, and
a plane wave of amplitude B is reflected inside the tube. The ratio
R = B/A becomes the unknown coefficient of reflection of a plane wave
from the mouth of a tube. We shall assume that k,a < 3.832; then the
plane mode will be a unique mode of propagation t9,10}. Consequent ly

Py~ Ae®? . Be~HiZ a5z o0 (6)

At sufficiently large distances from the mouth of the tube one can
write g, as
TR
Yo~ f(0) —g at R=yYri+zt- o (7)

Here & is at a given point the angle between the wave fromt and the
z~axis.

Let us introduce into the study the following functions

3
h(z)= 5:-1‘ [peatps (@, 2) — par¥r (@, 2)}, w(z) = -g-’}

O,

r=g 02

P==g (8)

According to (3) and (5)
R(z)s£0, w(z)=0 at z<0; h(z)=0, w(z)s=0 at z>0 @

After carrying out a Fourier transformation and denoting the transforms
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by capital letters we obtain

o0
V@ )= S b; (s, r) e R2dz (10)
—00
Instead of (1) we now have
1 d d?%, .
> \"a +(k,.=-c')\lf’.=0 =1,2) 11)

The solutions of Fquations (11), which satisfy the condition of
emission at infinity and of finiteness at the :-axis, become

i1 n=CQ@Q Jo(r V2P, B N=DQOHYr VR -5 (2

Here Jn is an nth order Bessel function of real argument, Hn(l) is an
nth order Hankel function of the first kiad, C({) and D({) are arbitrary
functions.

From (8) and (12) it follows that

HO=S2DQ B V=D —CQ L@ V=) (13)

WO=—V=0CQ NV —)=—Vk*—1D () HY (a Vi*— 3 (14)
Elimirating the arbitrary functioms C(J) and D({) from (13) and (14)
we obtain
2
2WLQ)H Q) =7W(Q) (15)
2901.,1 (azl) Hil) (aZQ) Zg/ Z

= paazeJyo (azy) Hil) (az3) — pyeaz1J1 (azy) H(()I) (aza)

L) (z; =Vk=T9 (16

Note that in the limiting case of k = k, and p,, = Pggr Equation
(15) goes over to REquation (V.2) of [75.

It is more convenient to continue the analysis if it is assume that
the constants k. are complex numbers and tkat they have small imaginary
parts Im kj > 0.

We shall show that

_rese_y H(}) 0
= Tesg,, H ©)
From the asymptotic behavior of the function y, as z = @ it follows
that
iA iB
HO=—r—gf—t3mn t20 (18)
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Here ¢({) is a regular function in the region Im { > — Im k;, and con-
sequently, Formula (17) is correct. Thus, the problem reduces to the
finding of the function H(g) from Equation (15). Let us study this. Equa-
tion (15) makes sense only when its left and right sides have a joint
region of analyticity in the complex plane of the variable [. The study
of the properties of the functions H(J) and W({) does not differ from
that carried out in [7]. It is evident from (18) that the function
112H<§) is analytic in the half-plane Im { > — Im k,. Inasmuch as the
asymptotic behavior of the function w(2) as z - ® allows the inclusion
of a factor of the form exp( — ik.z) one can assert that the function
¥(l) is analytic in the region Im { < Im k.. The region of analyticity
of the function L(g), whose explicit form is given by Formula (16), is
the strip |Im §| < Min (Im k), since the points { = ¢t kj, where the
singularities occur, lie outside this strip.

For future reference, it is also essential to note that the function
L(l) does not go to zero in this strip. Actually, in accordance with the
previously made assumption, the unique propagating mode in the tube is a
plane wave. This means that tlie points [ = £ i(uln2 - klz)l/z, where
Jl(aln“) = 0, have a finite imaginary part, and consequently, lie out-

side the strip of regularity of the function L(U).

The function Hl(l)(azz) does not have any zeros in the region — /2
arg zp 3n/2, [11]. Choosing one branch of the function zz(;) we find
that the argument of this function lies within the limits larg z2|<;n/2
in the studied strip. Consequently, the function Hl(l)(az2) does not have
any zeros which lie within the strip.

The studied properties of Equation (15) allow us to find its solution
with the aid of the Wiener-Hopf technique [12]. Using the fact that a
function which is analytic in the strip
can be represented in the form of a sum

L (:) of two functions, ome of which is analytic
h1 ziH * P in the upper half-plane starting from the
L _D : lower edge of the strip, and the other is
¢ L L. w analytic in the lower half-plane starting
from the upper edge of the strip, we can
represent L({) in the form
‘0 o
0-" L
- _ L@ 19
LO =73 (19)
. 2. where 1 InL(t)dt
Fig L, () =exp| 5 —,_"-;—J
Cc+
1 In L (2)dt
L@=exp[—gr \ ] @
C—



The reflection of a plane sound wave 553

The contours of integration ¢t and ¢ and also the regions of regular-
ity of all studied functions are shown in Fig. 2. In the final result
one should assume Im k. = 0. When Im k. = 0 the contours ¢' and C co-
incide with the real axis with the exception of the singular points of
the integrand. The way of circumventing the latter is clear from Fig. 2.

Using (19) one can write Equation (15) as follows

WL QHEQ =2 L QW) 1)

Here the left-hand side of Equation (21) is regular in the half-plane
Im { > Max(-Im kj) while the right-hand side is regular in the region
In { < Min(Im kj)

Thus Equation (21) describes an integral function in the [-plane.

The evaluation of the asymptotic behavior of the functions H([) and
#([) for large { is carried out just as in [7], starting from physical
considerations of the behavior of the velocity potential and its deriva-
tive as z — Oi. One can obtain

HQ)~(—iD™  a>0 for [{|—oo, In{>0 (22)
WR~G@PY  B<1 for [L|-oe, In1<O 23)

The evaluation of the asymptotic behavior of L,(J) for large [ can be
accomplished using the asymptotic behavior of cylindrical functions for
large values of their arguments and representing L,({) in the following

form
(o]

L@ =exp [ -\ 0] )

0

vhen we break up the path of integration into the segments (0, kz)
and (kz' ®) and take into account the uniform convergence of the inte-
grals, we can show that

Ly ()~ (—ily™" for |t]— o0, IME{>0 (25)
Similarly
L.~ for ILl—o, ImL<O (26)

If we substitute the asymptotic estimates (22), (23), (25) and (25)
into Equation (21) we find by means of the Liouville theorem that both
parts of (21) are equal to a constant. Consegquently,

const

HO =Gt L, 0O (27)
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It follows from (24) that

1
L, (— k)= L, (k) (28)

With the aid of (17), (27) and (28) we find that
R=|R|&® = —[L, (ky)]? (29)

Using the explicit form of the function L+(kl) we obtain an expression
for the modulus and the phase of the reflection coefficient

1o {2 o]

Ky
= S - [_ 23J0 (a21) J1 (822) — pmzads (a21) Jo (aze) ] dt
T T Jtenm 2370 (a21) Ny (a23) — pmz1dy (az1) No (azg) |2 — k2
0
Ky
= S - [ 23l (a21*) J1 (a2a) + puz1*/y (az,*) Jo (a33) dt 30
— ) tan ™ 500 (az*) Na(azs) + pner*Ty (92:1%) No (aza) | 22— kP (30)
5
=25 S F 4 n o
Here n Pl
Par = poz / por, 2;* = Vﬁ":h]_a
k
(1a [2 at
he- x tn [-ZT J1(am) V T (azs) + Ni¥ (azz)] Py
0
L
\ L ; : dt
Fam =\ 0|5 1 ) VTG T o | =
iy
ke
Fa= x In {[z3aJ 0 (a2:) J1 (a22) — puzaaJ1 (a21) Jo (az2)]* +
0 dt
+ [aZzJO (d21) Nl (GZQ) —_ puazl.fl (agl) No (azz)].“)x/z A klz
L3
F‘ = S In ([02210 (azln) J1 (alg) + 921021*11 (azl*) Jo (az2)]2 +
) dt
- [azelq (az1*) N1 (az3) + pmazi*Iy (az:*) No (“2)]"‘)‘/‘;{_—,&{
{ I, (a2,*) K (a23®) 22* [ 21* } dt
Fo= — S In {azz*lo (az1*) K1 (a32%) + pmazs*l; (az,*) Ko (az2%) | 8 Jep?

Here Jn is an ath order Bessel function of real argument, Hn is an
nth order Neumann function, I_ is an nth order Bessel function of imagin-
ary argument, and K, is an nth order MacDonald function.
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Formulas (30) and (31) are true if k2 > kl. It is not difficult to
obtain the corresponding expressions for k2 < kl.

When the vibration frequency » and the radius of the tube a are such
that k.a << 1, one can use in Formula (30) the series representations of
the cylindrical functions and retain only small terms of first order.

Then, after integration we find

2
k;k,a &g_ ] (32)

Formula (32) holds for k2 > kl'

When the space is occupied by a homogeneous medium it follows from
(32) that

|R|=exp[—k%?/2), or |R|=1—K%4?/2

which is in agreement with [7,9.10].

It is interesting to note that according to (32) in the case of a
heated stream and a cool surrounding gas, when °1/71 > c2/y2, the sepa-
ration from the open end of the tube is larger (the reflection coeffi-
cient is smaller) than the separation in a homogeneous medium, regard-
less of whether this medium is characterized by the parameters of 1 or 2.

The authors wish to express their gratitude to S.S. Grigorian and
Iu.L. Iakimov for their review of these results.
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